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ASTRACT

Most general purpose simulation languages do not provide
support for modelling and simulation of delay elements
with variable delay times. Inthis paper, combined discrete-
event / continuous-time (hybrid) models of time delay el-
ements are treated. An introduction is given to discrete-
event and continuous-time models of delay elements. The
hybrid models are compared to the traditional models us-
ing a step and sine input function. The hybrid models out-
perform the traditional models on accuracy, computation
time, and stability. The most important aspect of the hy-
brid models with a variable delay time is that between two
adjacent sample points, the volume entering the element is
constant.

INTRODUCTION

Whenever energy or material is physically moved in a pro-
cess or plant, there is a time delay associated with the
movement. Examples can be found in chemical plants

rate is constant. If the flow rate is not constagtdepends
on the flow rate.

Morton and Smith (1989) proposed a simulation algo-
rithm for dealing with time delays in a dynamic process
simulator. The algorithm can deal with constant and vary-
ing time delays, and also with discontinuities. In most sim-
ulation languages suited to dynamical modelling of process
industry plants, time delays cannot be modelled in the form
of Equation (2). The reason for this is that simulation al-
gorithms such as the one described by Morton and Smith
(1989) are usually not implemented. Therefore, the time
delay element must be modelled in a different way. Several
modelling approximations of time-delays are known from
literature. The approximation models are either discrete-
event (DE) models or continuous-time (CT) models. DE
models handle discontinuities well, but are not very accu-
rate. CT models, on the other hand, are accurate, but do
not handle discontinuities very well. This paper proposes
combined DE/CT (hybrid) models, that combine the ad-
vantages of the DE and CT models. The proposed models
are not, however, a straightforward combination of the DE

where pipes are used to transport liquids between tanks and and CT models known from literature. New modelling

reactors. If the time delay is not considerably smaller than

the time scale of the other relevant phenomena, so that it
cannot be ignored, it should be included in the model. The
mathematical formulation of the time delay phenomenon

is the linear advective equation
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The initial profile isu(x, 0) = ujp(x), while the boundary
conditionu (0, ) = ug(t) represents the input function for
the time delay element. The first order hyperbolic par-
tial differential equation (PDE) (1) is particularly difficult
to solve numerically, because it transmits discontinuities
without dispersion or dissipation (Carver and Hinds 1978).
Furthermore, it is liable to produce numerical oscillations
(Carver and Hinds 1978; Hu and Shao 1988).

Time delays are often related to transportation of lig-
uids through pipes in process industry plants. In such
cases, only the input-output relations of the pipe are rele-
vant, such as the relation between molar concentrations in
the liquid at the input and output of the pipe. The input-
output relation can be denoted as
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whereu; = u(x = L, t), L is the length of the pipe, and
tq is the time delay. The time delay is constant if the flow

ur(t) = uo(t — 1q)

techniques are used that result in short and elegant mod-
els. In the sequel, some DE and CT modelling techniques
known from literature are discussed. Subsequently, the
new hybrid modelling techniques are discussed, preceded
by an introduction to thg language that is used to specify
the models. Finally, simulation results and conclusions are
presented.

DISCRETE-EVENT MODELS

Discrete-event approximations of delay elements are based
on arrays where past samples are stored. Arrays are also
used in the steady state simulation language ASCEND I
(Kuru 1981), and in the simulation algorithm described by
Morton and Smith (1989). They are used in the follow-
ing way (Coleman 1965; Franks 1972). Consider a delay
element with input«g and outputz;. Assume the delay
time 74 to be fixed. The inputg is sampled everyy/n
time-units. The samples are stored in the array of gize
Figure 1 gives a graphical representation of the array. The
start location of the array is connected to the end location,
so that a carrousel is obtained. A write and read pointer
point to the current array location. At every sample time
point, the current location is read and assigned to output
uy; subsequently a new sample is taken of inpgitand



write in read out

Figure 1: Delay element model using an array.

assigned to the current array location. After this, the car-
rousel is turned one position, so that the pointers point to
the next array location. In this way, every new sample will

arrive at the output after - t1g/n = t4 time-units. Initially,

the array is filled with values representing the initial state

of the delay element.

The algorithm treated above is based on constant time
delays. In such as case, the outpytof the array based
models will be exact at the sample time points. Between
two sample points, the output can be kept constant or linear
interpolation between two subsequent points in the array
can be used. In the algorithm of Morton and Smith (1989),
multi-point interpolation is used.

Ball (1966) adapted the algorithm described above for
variable time delays. The time-delay element considered
is a pipe with variable flow ratg. The sample times
remains constant, but besides inpygt also flow rateQ is
sampled. The flow rate is used to approximate the liquid
volume that has entered the pipe during the last sample
interval: AV ~ Qs -ts. In the array, both the inputg
and the calculated volum&V are stored. When the sum
of the volumes stored in the list exceeds the volume of
the pipe, an estimation of the output is made. The output
of this model is much less accurate than the output of the
models with a constant time delay, because of the many
approximations that are required.

CONTINUOUS-TIME MODELS

Continuous-time approximations of delay elements are
usually based on the method of lines. The principle of
this method is to discretize all independent variables ex-

formance differences between finite difference and finite
element methods. In the sequel the finite difference four-
point upwind biased formula (4UB) is used, since it was
among the best performersin studies by Trienekens (1998),
Metzger (1996), and Metzger (1994):
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At the boundaries of the element the two-point upwind
formula (2U) is used:
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Substitution of Equations (3,4) into Equation (1) together

with Ax = % leads to the following set of ODEs (Silebi
and Schiesser 1992):
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THE HYBRID
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x LANGUAGE

The hybrid models are specified in the hybgidanguage.
The x language has been designed from the start as a hy-
brid language that can be used for specification, verifica-
tion (Kleijn et al. 1998), simulation and real-time control
of discrete-event systems (van de Mortel-Fronczak et al.
1995), continuous-time systems and combined discrete-
event / continuous-time systems (van Beek and Rooda
1998; van Beek et al. 1997). The language is based on
mathematical concepts with well defined semantics (Bos
and Kleijn 1999). The discrete-event part pfis based
on Communicating Sequential Processes, the continuous-
time part on differential algebraic equations (DAES). Pro-
cesses are parametrized and can be grouped into systems;
discrete and continuous channels are used for inter-process
communication and synchronisation. High level data types
are available such as arrays, lists and sets along with many
associated operators.

The x simulator is described by Naumoski and Alberts

cept one, such that the PDEs are converted into a set of (1998), and Fabian (1999). Ithas been successfully applied

ordinary differential equations. Inthe case of the linear ad-
vective equatiory is discretized with respect o For this
space discretization usually the finite-difference or finite-
element methods are used (Carver and Hinds 1978; Met-
zger 1996). Consider a pipe of length 1, and variatiteat
denotes the position along the pipet [0, 1]. Space dis-
cretization implies division of intervdD, 1] into n equal
pieces of ¥n. This leads t; 4 1 grid pointsx; along
thex-axis, suchthato =0,x1 = 1, xo = 2,... | x, = 1.
Dependent variable(x, ¢) is now approximated by + 1
variables; (¢) thatare no longer dependentanvariables
u;j(t) can be regarded as approximations:of, t) along
the grid points, such that () approximates (x = x;, 1).
Experiments by Metzger (1996) indicate no major per-

to a large number of industrial cases, such as an integrated
circuit manufacturing plant (Rulkens et al. 1998) and a
beer brewery. In the sequel, only a minimal subset ofithe
language is used. The syntax and operational semantics of
the language constructs are explained in an informal way.
Some language constructs are explained in this section,
other constructs are explained when they are first used in
the models. The models are kept as short as possible,
showing only the essentials. This implies that the models
are specified as stand-alone processes. In reality, models
of delay elements have incoming and outgoing channels
so that they can be used in systems. Such models, and
an example case of a biochemical plant are described by
Trienekens (1998).



A x process may consist of a continuous-time part only
(DAEs: differential algebraic equations), a discrete-event
part only, or a combination of both.

proc haméparameter declarations=
[ variable declarations initialization
| DAEs | discrete-event statements

I

All data types and variables are declared as either con-
tinuous using a double colon (e.g. :: [m?]), or discrete
using a single colon (e.gd : real). The value of a dis-
crete variable is determined by assignments (€.g= 1).

proc ConstDelayty :
[ ui, uo :: [—]
, us:real, ts:real
; tsi=1d/n
cus:=[1; %[ len(us) < n —> us:=[0] Hus]
| ui= f(7)

uo = hr(us)
| *[ US:=[uj] H US;, Ats; US:=tr(us |
1

First the sample time is initializeds(:= ¢q/n). Subse-
guentlyusis initialized as an empty lisu6:= [ ]), which

real, n : nat) =

Between two subsequent assignments the variable retains is then filled withn zeros byx[ len(us) < n — us:=

its value. The value of a continuous variable, on the other

[0] + us ]. This repetition is executed for as long as the

hand, is determined by equations. An assignmentto a con- condition lefus) < n is true. After the first bar|j the

tinuous variable (e.qg. initializatioW ::= 0) determines its
value for the current point of time only. Some discrete data
types are predefined like bool (boolean), int (integer) and
real. Variables may be declared with units (a:g.[m/s]).
All variables with units are of type real.

The continuous-time part consists of a set of DAEs
that are separated by comm&AE;, DAE,, ... , DAE,.
A time derivative is denoted by a prime character (&/(.

The discrete-event part consists of a sequence of state-

ments. Assignment Statements have been treated in the
previous paragraphs.Time passing is denoted byAt,
wheret is an expression of type real. A process executing
this statement is blocked until the time is increased by
time-units. Repetition of statementS] is denoted by[S].

By means ofstate event statemen¥ r, the discrete-event
part of a process can synchronize with the continuous part
of a process. Execution of », wherer is a relation in-

volving at least one continuous variable, causes the process

to be blocked until the relation becomes true.

HYBRID MODELS

Constant Time Delay

First a specification is given of a model with the same func-
tionality as the carrousel described in Section ‘Discrete-
Event Models’. Between samples the output remains con-
stant. Parameters of the model are the total delay time
tq and the number of samples The input and output
variables of the delay element are represented;bgnd

uo, respectively. Declaratiom, uo :: [—] means that both
variables are continuous, but their units are not specified.
Compare this with declaratio¥i :: [m3], where the units

of V are n¥. Declaratiorus: real declaresisas a list of
reals. The list is used to store the samples.

Alist is an ordered collection of elements of the same
type. For examplg0, 1, 1, 2] is a list containing the num-
bersQ1,1, and 2, in that order. Operate+ concatenates
two lists. For example[0] +-([1, 1] = [0, 1, 1]. Func-
tion hr (head right) returns the right most element of the
list. For example, hiO, 1, 1, 2]) = 2. Function tr re-
turns the list without the right most element. For example,
tr([0, 1, 1, 2]) = [0, 1, 1]. Using a list instead of an array
leads to a much more elegant specification of the delay
element.

equations are specified. The input function is given by
f. Predefined variable represents the current simulation
time. In models that are used as a part of a bigger system,
input variablex; would be defined in another process. Its
value would then be made available in the model of the
delay element by means of a continuous channel. Contin-
uous output variabla, is always equal to the last (right
most) element of the liats (1o, = hr(us)). The discrete-
event part of the specification consists of an endless loop.
First, a new sample is added to the ligs (= [u;j] -+ us).
Next, the model time is incremented to the next sample
time point (Ats). During this sample interval, output vari-
ableu, is equal to the right most element of the list. At
the new sample time point, first the last element of the list
is removed (s := tr(ug)), so that the before last sample
is moved to the end of the list. Subsequently, the loop
statements are repeated.

Constant Time Delay with Interpolation

The accuracy of the model can be improved considerably
by using linear interpolation of the output between two
samples. This has been done in the following model.

proc ContDelay(tq : real, n : nap) =

[ wi, uo :: [—]
, us:real, ts,d : real
; tsi=1t4/n
s us:=[1; %[ len(us) < n —> us:=[0] Hus]
s Uuo :=hr(us); us:=tr(ug); d:=0
| ui= f(7)
ug —d

| *[ d = M, us:= [uj]+us
; Ats; US: _tr(us)
]
]

Output equationuy = hr(us) has been replaced by
equationu;, = d, whered is a discrete variable that is
equal to the derivative of the output between samples. The
output variable is initialized to the last element of the list
(uo := hr(us)). Immediately after that this last element is
removed from the listys := tr(ug)). The value ofd is
set tom at the beginning of the repetition. At that
time pomt the value of the output variable equas At



the next sample time point, the output variable should be SIMULATION RESULTS
reach the value of the last sample in the list, which is equal
to hr(us). This change takeg time units. Therefore, the ~ The model<ontDelay, VarDelay, andFD4UBhave been

derivative of the output variable should eqi4HS—te. compared with a step and sine input. Hi24UBmodelis
° a x model that implements Equations (5,6). The average
Variable Time Delay absolute error has been determined by integration
to+tq+h _ _
The key to an accurate, stable and elegant model of a time Z = / " luo(t) — f(t — 1) dt
delay element is not to keep th@mple time constant, but 0 Im

instead to keep theansported volume constant in every whereuq () is the actual outputf (¢) is the input (f (1) =0
sample interval. In this way, the output value of the delay for+ < 0); 7y = 10 is the delay time, which is the same for
element model at the sample times is almost exact. The all models; andy, = 74 = 10 for the step input, ang, = 24
error in the output values at these sample times depends equals the period of the sine for the sine input. The value
only on the accuracy of the DAE or ODE solver used. The of 1 is 1 for the step input and O for the sine input. The
model follows below. errors for model€ontDelay andVarDelaydepend on the
exact value ofg. The error is maximal wheny coincides
with a sample point, and minimal when it is exactly in the
L ui, uo, @,V 2 [—] middle of two adjacent sample points. Results presented
. us:real", Vs:real for model VarDelay have been limited to constant delay

; Vs 1= Viot/n times, because of the difficulty to produce reliable ana-
us:=[]; %[ len(us) <n — us:=[0] Hus] lytical reference results for the output with varying delay
» uo = hr(ug); us:=tr(ug); vV ==0 times. The solver used is the differential algebraic equa-

proc VarDelay(Viot : real, n : nat) =

| ui= f(0) tion solver DASSL (Petzold 1983). The current version of
’ ‘g = gQ(r) the x simulator does not yet provide any ODE solvers.
Ll = P\ZES\)/K;E Table 1: Step_input comparison.
| #[ us:= [uj]+-us n_ e feompl S|
S Vo= O; vV > Vs§ us:= tr(US) ContDelaﬁ 50 0.005-0.01 0.9
] 100 | 0.0025-0.005| 1.9
1 VarDelay 50 | 0.005-0.01 | 2.6
100 | 0.0025 - 0.005| 4.8
Two additional continuous variables have been intro- FD4uUB 50 | 0.036 3.7
duced:Q andV. The delay elementis considered as a pipe 100 | 0.021 11.5

with a constant area. Variab{ represents the flow in the
pipe; variableV represents the volume that enters the pipe
during a sample interval{’ = Q). The sample volum&s
equals the total volume of the pipy divided by the num- n_t¢ feomp
ber of samples in the list. Flow O changes according to ContDelay | 50 | 0.00014 1.9
functiong (Q = g(t)). The discrete-event specification is 100 | 0.00003) 3.7
analogous to that of the mod@bntDelay. Discrete vari- VarDelay | 50 | 0.00014 2.9
abled is no longer needed, and time passing during the 100 | 0.00003| 5.6
sample interval is now modelled by ::= 0; VV > Vg FD4UB 50 1 0.0025 | 2.8
instead ofArs. First the volume is initialized to 0, then 100 | 0.00070] 7.8
time passes until the volumié, that has entered into the

Table 2: Sine input comparison.

pipe, equals the sample volurile This means that after 12 o Ll 04
samples, the amount of liquid that has entered into the pipe i w ;| ui uo 02 €
equalsVs - n, which in turn equals the total volume of the 08 e 0
pipe Viot. Therefore, the liquid particles that are at the be- N N R I | os
ginning of the pipe arrive at the end of the pipe after exactly I R | o

n samples. The output is interpolated in a way analogous ' '
to modelContDelay. The derivativeu;, of the output is il IR I A [oe
approximated aéA”—t". At any time point during the sample ° o . 10 15 20'0'8
interval, the output equalg,. The value at the end of the

interval should be Hus). ThereforeAug = hr(us) — ug. Figure 2: ModelContDelay, step inputp = 50

Likewise, the transported volume at any time point during

the sample interval equal8. Therefore, the remaining

time Ar required to transport the sample volumgequals CONCLUSIONS

(Vs — V)/0Q, so thatSe = (h‘;iﬂsg,jué In this equation,

hr(us) and Vs remain constant during the sample interval, Hybrid models of time delay elements have been shown

butue, V andQ are functions of time. to outperform traditional models, both on accuracy, com-
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Figure 5: ModelFD4UB, sine inputy = 50.



